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Abstract

The golden ratio appears in many circumstances in nature and art and seems to be an innate proportion of beauty.  It would therefore seem plausible that the ratio is present in aspects of music.  This investigation’s goal was to show that while the golden ratio cannot be found in accepted musical intervals due to its irrationality, it is often present in the overall structure of a composition due to the ratio’s consistent appearance at multiple levels of the work. It first defined the golden ratio and basic physical properties of sound, intervals, and other necessary musical knowledge.  Accepted intervals were then tested using the software program Audacity to see if the Golden Ratio occurs in these intervals.    The majority of the investigation analyzed specific composers and their music, examining instances in which compositions apparently used the golden ratio in structure of the piece.  These included Mozart’s Piano Sonatas, Bartok’s Contrasts and Debussy’s Jardins Sous La Pluie.  Locations of interest points in the music such as repeats, tempo changes, and key changes were analyzed to determine if the proportions of distances between these points contained the golden ratio.  For each of these examples, the intention of the composer and role of the ratio was analyzed by examining background information on the composers and their time period, data compiled from the scores, and actual listening to the pieces.  The investigation concluded that use of the golden ratio in these pieces was mostly unintentional, providing evidence for the golden ratio as an innate standard of beauty.  However, the use of the ratio in music is limited as it only provides order and structure, only a couple of the many possible enjoyable traits in music.  
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Introduction

The golden ratio, also known as the golden section, golden mean, or the divine proportion, is an irrational number that begins with 1.6180339887.  It is often found in nature and often described as a natural standard of beauty.  The two main qualities that explain its appearance in nature are its irrationality, and the way it is calculated.  The ratio is found by dividing a line into extreme and mean ratios, two segments of the line with the extreme being the larger.  The length of the whole line and the extreme ratio have the same proportion as the extreme ratio and the mean ratio, both of which are equal to the golden ratio.  It can be expressed as seen in the following diagram.  
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Much of the intrigue about the Golden ratio is due to how it is found in nature, despite its irrational properties that have puzzled thinkers from the Greeks to present day mathematicians.  It can be found in objects as small as microscopic cellular objects, and as large as the shape of galaxies.  In plants, it is seen in the distribution of leaves, with many plants having leaves ascending at angles equal to the golden angle, or 137.5, found by dividing 360 by the golden ratio.  Many patterns or objects that use the ratio are known for their beauty, such as the layout of rose petals, seeds in sunflowers, or spiral shaped objects such as shells.  The proportions of the golden ratio have even been used to create an ideal human face representing beauty.  It has been found in man-made creations as well, such as the sides of the pyramids of Giza, and Salvador Dali’s painting the Sacrament of the Last Supper
.  With the ratio appearing in many natural and man made creations judged as beautiful, it must be asked to what extent the ratio appears in music. 

Presence of the Golden Ratio in Musical Intervals

The first place one may look when determining if the golden ratio appears in music is in its most natural form, sound waves.  These waves, resembling sine graphs, are measured in hertz, or cycles per second.  The average human ear can usually hear sounds in the range of 17-17,000 hertz
.  By comparing sound wave frequencies in proportion to the golden ratio with those of the twelve common western intervals, it can be determined whether the golden ratio is commonly found in western music
. 

 Appendix A displays several common intervals and their wavelengths, as well as two sound waves with lengths proportional to the golden ratio.  Two properties of sound waves must be taken into account when viewing these figures, the first being, if two separate wavelengths are played at the same time, they are averaged out when represented as one wavelength
.  The second property is that the more a sound wave follows a pattern, the more of an actual pitch it has, and the more musical it is considered
.  Although an absolute most “musical” interval can’t be determined, an interval naturally more closely resembles music if its pattern repeats itself.  The more common endpoints of this pattern that two wavelengths share, the more repeated patterns they will have.  This can be seen in the following common intervals, the octave, perfect 5th, and perfect 4th shown in Figures 1-6 in Appendix A.  In Figures 1, 3, and 5 in Appendix A, it can be seen that after the number of turns equal to the ratio for each wavelength, the waves end at the same point.  This creates, as seen in Figures 2, 4, and 6 where the sound waves are combined, a brief pattern that repeats itself.  When these waves are played
 they produce a uniform sound that does not vibrate.  However, the more a sound wave has a random pattern, the closer it is to white noise.  This is the case in Figure 7, representing the golden ratio, where the wave turns never end at the same point.  The random appearance of the wave can be seen in Figures 8 and 9.  This results in a displeasing interval that vibrates
.  These graphs prove that there is a correlation between the length of a pattern and its musicality.  Since the golden ratio is based on an irrational number, no pattern emerges, resulting in a displeasing interval.

These results can be explained by looking at the reasons that the golden ratio occurs in nature.  The reason it applies in many circumstances naturally is due to its irrationality.  In many plants, leaves are arranged to get as much sunlight and water as possible, meaning the smallest amount of vertical overlap
.  Since the golden ratio is an irrational number, the leaves are much likely to overlap vertically if the ratio is used to determine the angles they are placed at relative to each other.  The irrationality of the number proves beneficial for the plant, while in music, the irrationality leads to dissonance when a rational pattern is necessary for consonance.  

Presence of the Golden Ratio in Musical Intervals through the Fibonacci Numbers

Although the golden ratio doesn’t directly appear in musical intervals, some may argue that it appears indirectly through the Fibonacci Sequence, a sequence of numbers closely related to the golden ratio
.  It creates a sequence that can be viewed in Appendix B.  The Fibonacci numbers appear in the wavelength ratios of many accepted intervals.  However, although made up of Fibonacci numbers, these ratios don’t necessarily reflect the property of equal proportionality found in the golden ratio because the ratios for these wavelengths are too deviant from each other and the value of the golden ratio.  The ratios of the wavelengths for an octave (2:1), perfect 4th (3:2), major 6th (5:3) and minor 6th (8:5)  all make up numbers of the Fibonacci sequence, but are so far apart in value, and otherwise commonplace that they cannot determine presence of the golden ratio.  

There are several reasons why the golden ratio cannot be present in proportions of intervals. Presence of the golden ratio, which creates equal proportionality on multiple levels, defies the purpose of intervals, to represent different proportions between notes.  Also, with single intervals, there is nothing for the intervals to be proportional to except each other.  There is no “whole”(Diagram 1) with two intervals, because there are just two wavelengths.  When these wavelengths are added up, they aren’t represented by the sum of the wavelengths, but by the average graph of each.  Another aspect is that, while the number of half steps in intervals can sometimes represent the Fibonacci numbers, their values are too small to obtain a ratio that closely approximates the golden ratio.  However, as larger Fibonacci numbers are used, the ratio can be more closely approximated, previously noted in footnote 9.  Looking at the overall structure of a piece and subdividing it by measure numbers provides both larger numbers whose ratios approach the golden ratio with more precision and a “whole” that can be divided into two different sections, unlike intervals.









Mozart’s Use of the Golden Ratio

Mozart’s Piano Sonatas are an ideal place to look for presence of the golden ratio in piece structure, due to use of Sonata form
.  “Mean” and “extreme” sections can be represented by the exposition and development/recapitulation
.  The total number of measures in the piece can be put in proportion to the development/recapitulation, or the piece’s “extreme ratio”, to determine if the golden ratio is present.  In Sonate in C KV 279, there are 38 measures before the repeat and 60 after; a total of 98 (Appendix C).  The ratio of the total number of measures to the development/recapitulation is approximately 1.633.  By compiling a table of similar ratios for several of Mozart’s piano sonatas, the data can be analyzed as a whole to determine if the golden ratio is present and if it was used intentionally.
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Piano Sonata No. 1, Allegro

38

60

98

1.633

Piano Sonata No. 1, Adagio

28

46

74

1.609

Piano Sonata No. 1, Allego

56

102

158

1.549

Piano Sonata No. 2, Allegro assai

56

88

144

1.637

Piano Sonata No. 2, Adagio

24

36

60

1.667

Piano Sonata No. 2, Presto

77

113

190

1.681

Piano Sonata No. 12, Allegro

93

136

229

1.684

Piano Sonata No. 16, Allegro

28

45

73

1.622

Piano Sonata No. 18, Allegro

58

102

160

1.569


A sample of ratios between the total length and development/recapitulation shows that the ratios have a small range and are close to the golden ratio.  With a range of .135 in the ratio, it can be seen that Mozart kept very close to the ratio between total measures and development/recapitulation, meaning the conceptualized ratio must have played an integral role in the composition of his sonatas.  If he intended to follow the golden ratio is still up to interpretation, but the values are close enough that it can be concluded the ratio is present in his compositions.

To come to a conclusion as to the reasons Mozart followed this pattern, the ratios must be analyzed, both individually and as a group, and the circumstances around the writing the sonatas must be examined.  Most importantly, observations upon listening to the sonatas must be taken into account
.  Any change in the score, even if it follows the golden ratio, is meaningless unless the listener can perceive it.  In order for the golden ratio to be a factor in the composition, the change between the exposition and development/recapitulation must be obvious.  Mozart manages to make this change obvious, such as in Movement 1 of Sonata 1: the transition is marked by a momentary ritard, change from major to minor, and substantially louder dynamics.  Even if the listener is not listening actively for these transitions, subtle changes in mood and form, may subconsciously register in the listener’s mind.

Although each sonata and movement is unique, for the most part they can be characterized as predictable.  This seems to be Mozart’s intention as all of his piano sonatas have the same format of three movements each, one fast, one slow, and one last fast movement.  When listening to the sonata, after the initial repeat, the listener can usually anticipate when the transition to the development will occur.  At the same time, they know that a new idea will be introduced and the piece will change direction.  The introduction of the development keeps interest, while the application of the ratio provides a sense of consistency and proportion.           

Once the purpose of the ratio in the Sonatas is determined, it can also be asked whether or not Mozart used the golden ratio intentionally. The intent of creating an orderly piece could have subconsciously manifested itself, causing him to unwittingly compose according to the golden ratio, or it could have been used deliberately to attain his goal of an orderly piece.  If the use was intentional, it could be seen somewhat as a gimmick, in belief that the ratio would create a “perfect” piece.  However, unintentional use would make a strong case for the golden ratio as a natural standard of beauty.  It would show that Mozart, striving for perfect proportionality, eventually arrived at the golden ratio and that as one of the most respected and well known composers of all time, his music, which conforms to the ratio has been largely interpreted as pleasing.  In the majority of occasions, a closer approximation to the golden ratio could have been made had the number of measures per section been slightly different.  Had Mozart knowingly been composing his sonatas based on the golden ratio, it seems the proportion between the exposition and development would have been as close as possible, possibly also using exact Fibonacci numbers.  Although Mozart was known to be interested in math, math was not a major component in music during his time.  Composers didn’t begin experimenting with math in music for the most part until the 20th century
.  However, knowledge of the Golden Ratio began in Greek times, so it is possible that Mozart was familiar with it.  However, he probably didn’t base his compositions on it, but instead used his own concept of proportionality that resulted in close approximations of the ratio. 

Bartok’s Use of the Golden Ratio in Composition Structure

Use of the golden ratio is much more apparent in the music of Bartok, to the point where many may consider whether or not it was used intentionally.  However, there are many stylistic differences between the music of Mozart and Bartok, which alter the context and purpose of the golden ratio in the music.  While the music of Mozart is of the Classical era and much more traditional, the music of Bartok is much more modern and experimental, utilizing dissonance and violating accepted rules to create a piece of music far from the typical ideal of “beautiful”.  This can be heard when listening to Bartok’s Contrasts, a piece often cited for use of the golden ratio in rhythm and structure
.  

Upon the opening tritones played by the violin, one can tell Movement III of Contrasts isn’t a piece intended to follow standard musical rules or to sound “beautiful” by previously accepted standards
.  It instead makes use of dissonance, shown by the fact that for the first 30 measures, the violin is tuned to G# D A Eflat.  Based on this, it would seem that such a piece would not be an ideal location to find evidence of the golden ratio, compared to the perfect proportionality and conventionality of the Mozart Sonatas.  However, upon examining the score of the third movement (Appendix D), many important transition points are located proportionally from each other at ratios close to the golden ratio.  First of all, there are 132 measures before the beginning of the Piu mosso and 186 afterwards, creating a ratio of 1.710 between total and the second part.  The score is further subdivided into sections based on tempo changes, seen in the notes in the score.  This seems to exemplify use of the golden ratio as a standard of beauty for music, with multiple levels of equal proportionality within each other.  This could be compared in a way to the beauty of a circular shell, also using the golden ratio.  The beauty is found in that even as size and scale decrease, the proportion stays the same, while this can’t be seen as much in Mozart’s Sonatas as much where the proportion is only at one level.  

However, there are several flaws with the presence of the golden ratio in Contrasts.  The key points often represent tempo changes, meaning that while the measure numbers might be equally proportional, the actual timing are not.  Strangely, while the majority of the measure number proportions are relatively close to the golden ratio, although farther than in the Mozart Sonatas, the majority become farther from the golden ratio when the actual number of seconds per section is used.  They instead start to resemble more conventional ratios such as 3:2 and 5:3, although it can be noted that these are Fibonacci Numbers.  Both the measure numbers and seconds are relatively far from the golden ratio, indicating that Bartok was not adhering to the exact ratio.  However, they still generally fall between 1.5 and 1.67, on multiple levels as well, showing that Bartok probably took into proportionality into account to some degree while placing transitions.  This vague but present sense of proportionality in the first section of the piece may serve as a way to keep a degree of predictability by introducing a pattern.  This is important in keeping listeners’ interest and keeping the piece from seeming too random, due to the fact it is otherwise unorthodox and dissonant.  However, later in the piece, after the Piu Mosso, the music loses this sense of proportionality, as the tempo changes begin to occur more frequently, oftentimes once per line.  This could contribute to the sense that the control present earlier on is disappearing.  Therefore, use of the golden ratio, although only a vague proportion in this instance, is more likely used to aid  the build up and cause excitement, then to create a sense of beauty towards a perfectly proportioned song structure as in the Mozart Sonatas.  

Golden Ratio in the Music of Debussy

Debussy is another composer cited for use of the golden ratio. In particular, he is known for having justified a missing measure in Jardins Sous la Pluie as being necessary in regard to the “divine number”
.  By listening to the piece, one can tell that as with Bartok’s Contrasts, it is not as conventional as the Mozart Sonatas
.  There is not a clear melody and the range is very wide with large jumps in notes.  However, the tempo is much more constant, like the Mozart Sonatas and unlike like Contrasts.  Also, the only instrument is a piano, unlike in Contrasts.  In this way, Jardins Sous La Pluie is somewhere in between the unorthodoxy and tempo changes of Contrasts and the steady organization of the Mozart Sonatas.  

Just as the Sonatas use repeats, and Contrasts frequent tempo changes, the many key changes in Jardins serve as transitions, which could be cited as a possible location of the golden ratio.  Due to the atonality of the piece, it is somewhat difficult to perceive these key changes, but it is possible while looking at the score, and also possible they are perceived subconsciously.
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The above diagram takes the ratios for measure numbers of the piece and further subdivides the piece until every key change measure number has been used.  Although a few of the ratios found are close to the golden ratio, many are moderately far from it.  Also, there are multiple possible subdivisions of the piece that would have had different outcomes, so it is possible to say that the ratios are a coincidence and that such a pattern could be found by subdividing a great number of pieces.  However, the fact that there are no anomalous key changes - ones that occur completely randomly so that a close proportion cannot be made - seems to indicate that Debussy wrote the piece with a sense of proportion in mind.  Due to the lack of accuracy to the real golden ratio, it seems that this was not intentional, that Debussy’s “missing measure” comment was referring to some other aspect of the piece, possibly not related to the golden ratio at all.  However, Debussy’s sense of proportion, although innate, leads towards the golden ratio as when averaged, the proportions of the key changes are equal to 1.597, just .021 from the golden ratio.  

As with the other examples, evidence of the golden ratio would be more intriguing if proven innate, because it would show the golden ratio more as a natural standard, not one knowingly implemented by composers in the belief it would add to the beauty of the piece.  Based on Debussy’s comments and analysis of his works, it seems he had knowledge of the ratio and may have used it knowingly on occasion, but in many instances, such as in Jardins, it seems the ratio is used unintentionally, at least in terms of the proportionality of structure.  It may seem as if a composer couldn’t possibly subconsciously perceive the “correct” proportion on so many levels.  It could just be due to an artist’s ability to realize that a section has gone on long enough, or that it should continue and as seen, the results are not completely accurate until averaged.  

Summary of Findings

In all three pieces, it can be seen that the golden ratio is present to a degree despite the fact that the pieces are from different styles and time periods.  Although such a claim cannot be verified by such a small sample, this fact seems to indicate that the ratio is ubiquitous, that it applies to all styles of music and time periods.  The ratio can’t be perceived upon listening, but instead provides a general sense of proportion and its presence may contribute to the listener’s observations of a piece, although these observations may not be attributed directly to the proportionality.  Pieces such as the Mozart Sonatas, where the proportions are generally very close may be described as clean, predictable, and orderly due to both perceivable qualities such as a constant tempo and less perceivable qualities such as the proportionality of transitions.  In pieces such as Contrasts, the growing sense of chaos as the piece progresses can both be attributed to conscious traits such as generally increasing tempo and dynamics, as well as unconscious qualities like the proportionality of the tempo changes.  The purpose in all three is to create a general unconscious sense of order and structure.  

Limitations of the Golden Ratio in Music

Despite these findings, the use of the golden ratio to determine the overall beauty of music has limits.  Like all forms of art and beauty, determining of beauty in music is subjective, as every person is different with unique standards.  The golden ratio is only one standard, which caters to a trait found in most humans, a need of order and structure.  A ratio such as the golden ratio, where two parts and a whole are all proportional to each other could be described as the “most orderly” ratio, so an artist’s intentions to achieve order in a piece will eventually approach the golden ratio.  

Another quality found in most humans is the need for diversity and unpredictability to provide balance for the sense of order.  Therefore, the ratio cannot be used as an absolute because music unfolds chronologically and thrives on entropy to retain interest, much as life itself.  If a piece is too predictable, the listener will be able to tell what is coming and lose interest; therefore a sense of balance must be created with entropy.  If every piece were based on the use of the golden mean in its structure, music would be much less interesting and creative.  A standard method of structuring pieces cannot be used in an art form that relies on creativity and contrast, even if this structure is deemed as “perfect.”  Music relies on imperfection to create contrast and variety, and many times, true beauty is found in this imperfection.

It is also impossible for use of the golden ratio in music to reach the true ratio, because it is an irrational number.  Therefore, the irrational property of the golden ratio, a practical aspect in the distribution of leaves on a plant, is not present in music.  This is because music is based on precise intervals and measure numbers.  Use of the golden ratio to the absolute would divide measure numbers and create dissonant intervals, violating the sense of order that its use attempts to establish through proportion. 
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Appendix A

Figures 1, 3, 5, and 7 were created using the Tone Generator on the recording program Audacity.  Screenshots were then taken and placed in paint, where the sound waves of intervals were aligned. The length necessary for each graph complete a full turn and the length necessary for both to complete a full turns at the same time were marked.

Figures 2, 4, 6, 8, and 9 were created by mixing the two tracks for each interval into one track.
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Figure 1-An octave, first wave is A4 at 440.00 Hz, second is A5 at 880.00 Hz.  These wavelengths have a ratio of 2:1.
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Figure 2-Octave represented in one sound wave.
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Figure 3-A perfect fifth, first wave is A4 at 440.00 Hz, second is E5 at 660.00 Hz.  These wavelengths have a ratio of 3:2
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Figure 4-Perfect fifth in one sound wave.
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Figure 5-A Perfect fourth, first wave is A4 at 440.00 Hz, second is D5 at 586.67 Hz.  These wavelengths have a ratio of 4:3.
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Figure 6-Perfect fourth represented in one sound wave.  
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Figure 7-Golden ratio interval, first wave is A4 at 440.00 Hz, second is at 711.92 Hz.  These wavelengths have a ratio of approximately 1.618:1.
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Figure 8-Golden ratio interval represented in one sound wave.
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 Figure 9-Larger view of golden ratio sound wave.  

Appendix B

List of the first 30 Fibonacci Numbers

n 
  f(n)

0
0

1
1

2
1

3
2

4
3

5
5

6
8

7
13

8
21

9
34

10
55

11
89

12
144

13
233

14
377

15
610

16
987

17
1597

18
2584

19
4181

20
6765

21
10946

22
17711

23
28657

24
46368

25
75025

26
121393

27
196418

28
317811

29
514229

30
832040










� http://yabusame.files.wordpress.com/2008/06/golden-ratio-drawing-1.jpg


� Livio, Mario.  The golden ratio: the story of phi, the world’s most astonishing number.  New York, New York: Broadway Books, 2002.


� Coryat, Karl.  Guerrilla Home Recording: How to Get Great Sound From Any Studio.  New York, NY: Hal Leonard Books, 2008.  


� The mathematician Pythagoras discovered much of what we know about today about musical intervals and their frequencies, concluding that most frequencies when played together are dissonant, and that there are only a select few that can be found pleasing when played together.  Livio, Mario.  The golden ratio: the story of phi, the world’s most astonishing number.  New York, New York: Broadway Books, 2002.


� Loy, Gareth.  Musicmathics: The Mathematical Foundations of Music.  Cambridge, MA: London: MIT Press, 2006, 2007.  


� Coryat, Karl.  Guerrilla Home Recording: How to Get Great Sound From Any Studio.  New York, NY: Hal Leonard Books, 2008.  


� Samples 1-3 “Octave”, “Perfect 4th”, “Perfect 5th” (Attached Sample CD)


� Sample 4 “Golden Ratio” (Attached Sample CD)


� Tung, KK.  Topics in Mathematical Modeling.  Princeton, NJ: Princeton University Press, 2007.


� The Fibonacci sequence is formed by adding the sum of the two previous numbers, much as the golden ratio is made up of the mean and the extreme, which add up to the total length.  Although initially, the ratio of Fibonacci numbers to each other are far from the golden ratio (1:1, 2:1, 3:2, 5:3), as they grow in value, their ratio approaches that of the golden ratio.  For example, the ratio of the 50th number, 12586269025 to the 49th number, 7778742049 comes out equal to the first ten digits of the golden ratio.  Livio, Mario.  The golden ratio: the story of phi, the world’s most astonishing number.  New York, New York: Broadway Books, 2002.


� Sonata form is often A-B-A, especially the 1st and 3rd movements.  The theme is introduced in the exposition, which is followed by a section of key changes and fragments of the theme called the development.  Eventually, the theme is repeated in the recapitulation.  Joseph Machilis and Kristine Forney, The Enjoyment of Music, Eighth Edition.  New York, New York: W. W. Norton & Company, Inc, 1999.  229-233.  


� For the purpose of calculating the golden ratio, the development and recapitulation are considered the same section as the second repeat falls before the development and ends after the recapitulation.  (Appendix D)


� Sample 5 “Sonata for Piano No. 1 in C Major, K, 279: I. Allegro” (Attached Sample CD)


� Livio, Mario.  The golden ratio: the story of phi, the world’s most astonishing number.  New York, New York: Broadway Books, 2002.


� Bachman, Peter J. and Bachman, Tibor.  January 1979.  An Analysis of Béla Bartók's Music through Fibonaccian Numbers and the Golden Mean.  The Musical Quarterly.  65 (1): 72-82.  


� Sample 6 “Contrasts” (Attached Sample CD)


� Livio, Mario.  The golden ratio: the story of phi, the world’s most astonishing number.  New York, New York: Broadway Books, 2002.


� Sample 7 “Jardins Sous La Pluie” (Attached Sample CD)





_1325852621.xls
Sheet1

		Piece, Movement		Exposition		Development/Recapitulation		Total		Ratio

		Piano Sonata No. 1, Allegro		38		60		98		1.633

		Piano Sonata No. 1, Adagio		28		46		74		1.609

		Piano Sonata No. 1, Allego		56		102		158		1.549

		Piano Sonata No. 2, Allegro assai		56		88		144		1.637

		Piano Sonata No. 2, Adagio		24		36		60		1.667

		Piano Sonata No. 2, Presto		77		113		190		1.681

		Piano Sonata No. 12, Allegro		93		136		229		1.684

		Piano Sonata No. 16, Allegro		28		45		73		1.622

		Piano Sonata No. 18, Allegro		58		102		160		1.569





Sheet2

		





Sheet3

		






